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Abstract
For theories of relativistic matter fields there exist two possible definitions of the
stress-energy tensor, one defined by a variation of the action with the coframes at fixed
connection, and the other at fixed torsion. These two stress-energy tensors do not
necessarily coincide and it is the latter that corresponds to the Cauchy stress measured
in the lab. In this note we discuss the corresponding issue for non-relativistic matter
theories. We point out that while the physical non-relativistic stress, momentum, and
mass currents are defined by a variation of the action at fixed torsion, the energy
current does not admit such a description and is naturally defined at fixed connection.
Any attempt to define an energy current at fixed torsion results in an ambiguity which
cannot be resolved from the background spacetime data or conservation laws. We also
provide computations of these quantities for some simple non-relativistic actions.
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1 Introduction
In relativistic theories with spinful matter there are two possible definitions of the stress-
energy tensor [1–3]. One can vary the matter action considering the coframes eA ≡ eAµdxµ
and the Lorentz spin connection ωAB ≡ ωµABdxµ as the independent geometric variables
δS =
∫
dd+1x|e|
(
−T˜ µAδeAµ + sµABδωµAB
)
(1.1)
to define the stress-energy tensor T˜ µA and the spin current s
µAB. Alternatively, since there
exists a unique torsion-free metric compatible connection — the Levi-Civita connection
ω(LC)
A
B — which is determined completely by the coframes, one can consider the coframes
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and the contorsion CAB ≡ ωAB − ω(LC)AB as independent
δS =
∫
dd+1x|e| (−T µAδeAµ + sµABδCµAB) (1.2)
to get
T µν = T˜ µν − 2(∇λ − T ρρλ)Sνµλ − T µλρSνλρ,
where Sµνλ = 1
2
(
sµνλ − sνλµ − sλµν) , (1.3)
and we have used the Lorentzian coframes and frames to convert the internal frame indices
to spacetime indices. In the relativistic case, (1.2) is equivalent to considering the coframes
and the torsion TA ≡ 1
2
TAµνdx
µ ∧ dxν as the independent variables
δS =
∫
dd+1x|e| (−T µAδeAµ + SAµνδTAµν) . (1.4)
Note, that the “new” spin current SA
µν = ηABe
B
λ S
λµν is algebraically related (and thus,
equivalent) to sµAB. But even on torsionless background spacetimes, the “new” stress-energy
tensor T µν gets additional contributions from the derivatives of the spin current and is thus,
not equivalent to T˜ µν when the matter fields carry spin.
While both T˜ µν and T µν are covariant tensors, the latter is the relevant one for most
physical problems. The Noether identity corresponding to local Lorentz transformations
guarantees that T µν (but not necessarily T˜ µν) is symmetric when the background spacetime
is torsionless. Thus, the spatial components of T µν give rise to the symmetric Cauchy stress
tensor which is the relevant physical quantity when considering shearing or straining the
system. More directly, stresses in lattice systems are induced by spatial deformations of the
system without introducing dislocations i.e. varying the spatial geometry at fixed torsion.1
Further, it is known that the symmetric tensor T µν is the Hilbert stress-energy that couples
to gravity through the Einstein equation (see [1, 2]).
The main goal of this paper is to investigate a similar issue that arises for non-relativistic
Galilean invariant matter fields with spin and highlight some subtleties not present in the
relativistic case.2 As many non-relativistic systems are constructed out of particles with
spin, this is a crucial step in describing their physical properties in a covariant manner. We
summarize the main arguments and results in the following. We work with the covariant
construction of non-relativistic spacetimes following the formulation introduced in [6, 7],
1See [4] and references therein for discussions on computing stress response from a lattice theory.
2Similar results were obtained, using different methods, by [5].
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called Bargmann spacetimes.3 For matter fields on a Bargmann spacetime, the covariant
non-relativistic stress-energy is a tensor of the form
τAI =
(
ε0 −pb −ρ0
εa −T ab −ρa
)
, (1.5)
containing the energy density ε0 and current εa, the stress tensor T ab, the momentum pa,
and the mass density ρ0 and current ρa. We first define a stress-energy tensor by varying
the coframes and Galilean connection as independent variables (i.e. through the analogue
of (1.1))
δS =
∫
dd+1x|e|(−τ˜µIδeIµ + sµABδωµAB). (1.6)
Here eI contains not just the spacetime coframes eA but also the Newtonian potential a. We
show, for spinful matter fields on torsionless background spacetimes, using the decomposition
for τ˜µI according to (1.5), that (1) the stress tensor T˜
ab is not guaranteed to be symmetric
i.e. it does not correspond to the Cauchy stress tensor, and (2) the momentum need not
coincide with the mass current.
In contrast to the relativistic case, in general torsionful Bargmann spacetimes one does
not have a natural unique reference Galilean connection (unlike the Levi-Civita connection
in the relativistic case) and so the Cauchy stress-energy must be computed by varying the
coframes and torsion as independent variables (similar to (1.4))
δS =
∫
dd+1x|e|(τµIδeIµ + SIµνδT Iµν) (1.7)
However, due the non-relativistic nature of the spacetime, the variations of the coframes
and torsion are not independent but have to satisfy a covariant constraint (see (2.23)).
This constrained variation leads to the following novel feature in non-relativistic theories:
The Cauchy stress, momentum, and mass current can be collected into a covariant Cauchy
stress-mass tensor,4
TAB =
(
ρ0 pb
ρa T ab
)
, (1.8)
which is unambigously defined in complete analogy with the relativistic case (see (1.3))
T µν = T˜ µν − 2(∇ρ − T λλρ)Sρµν − T µρλSνρλ. (1.9)
3A more thorough list of references for Newton-Cartan geometry and its applications is provided in
section 2.
4A more precise, but unwieldy name, would be the stress-mass-momentum tensor, but as we will show a
Noether identity equates the momentum with the mass current for the physical Cauchy stress-mass tensor.
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However, the energy current εµ part of τµI is always ambiguous up to a choice of covariant
antisymmetric tensor (see (3.21)). We argue that this ambiguity is unphysical as the com-
ponent ε˜µ of τ˜µI corresponds to the true internal kinetic energy current
5 of a non-relativistic
system.
We then show that the Noether identity for local Galilean transformations is
T [µν] = T [µλρS
ν]λρ (1.10)
which guarantees that the Cauchy stress tensor T ab is symmetric when the torsion vanishes
T λµν = 0, and that the Cauchy momentum coincides with the Cauchy mass current. Further,
the Noether identities for diffeomorphisms give conservation law
− eIµ(Dν − T λλν)τ˜ νI = Fµνjν + RABµνsνAB − T Iµν τ˜ νI (1.11)
which contains the work-energy equation (see (4.22)) as well as a conservation law for the
physical stress-mass tensor
(∇ν − T λλν)T νµ = F µνjν + ΞˆAµνλSAνλ − T Iµν τ˜ νI , (1.12)
where Ξˆ and T I are proportional to torsion (defined in (2.13) and (4.16)). Though the
torsionful terms are essential for studying energy response [8,9] and for applications in non-
relativistic fluid dynamics [6], they do of course vanish in the real world.6 In this case these
identities take the simpler form
T [µν] = 0, ∇νT µν = F µνjν . (1.13)
The remainder of the paper details the above results and is organized as follows. We
begin in section 2 with a summary of Bargmann spacetimes and the relevant geometric data.
Section 3 gives explicit formulae for the Cauchy stress, momentum, and mass current in terms
of τ˜µI and the spin current s
µAB, and demonstrating the problems inherent in attempting
to define a “Cauchy energy current”. We give the Noether identities for the Cauchy stress-
mass tensor in section 4. In section 5 we provide examples of Cauchy stress and mass tensors
for non-relativistic field theories. Appendix A collects the symmetry properties of the non-
relativistic Reimann tensor in the presence of torsion, which we use to simplify some of the
formulae in the main body of the paper.
5The kinetic energy current can not be defined in a frame independent way, and in a given local Galilean
frame the physical kinetic energy current is τ˜µ0 = ε˜
µ.
6Systems with dn 6= 0 are necessary to study systems with thermal gradients, for instance when consid-
ering Euclidean statistical path integrals with inhomogeneous temperature.
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2 Bargmann spacetimes
Newton-Cartan geometry was originally developed by Cartan to describe Newtonian gravity
within a geometric framework similar to that of General Relativity [10,11] (see also [12,13]).
Recently, it has been used in the condensed matter literature as the natural setting for
Galilean invariant physics, with applications that include cold atoms [14], non-relativistic
fluids [6,15–17], the quantum Hall effect [18–22], as well as non-relativistic holographic sys-
tems [23–27]. It is well recognized in the literature that it is necessary to couple these systems
to torsionful geometries to define the full suite of currents available in a non-relativistic sys-
tem and to study their linear response [9, 23, 24, 26, 28]. Hence in this section and the next,
all formulae will be written for the most general case of unconstrained torsion.
A manifestly Galilean covariant definition of torsionful Newton-Cartan geometries was
given in [7] (related constructions can be found in [28–34]). These geometries are called
Bargmann geometries and this section is dedicated to a brief review of their features. In
section 2.1 we introduce the necessary background, formally define a Bargmann geometry,
and collect the identities that will be used repeatedly throughout this note. Section 2.2 then
recaps the physics of Bargmann geometries.
2.1 The Galilean group and its representations
The Galilean group Gal(d), is the set of matrices of the form
ΛAB =
(
1 0
−ka Rab
)
, (2.1)
where Rab are spatial rotation matrices in SO(d) and k
a parametrize Galilean boosts. Our
conventions are that capital Latin indices A,B, . . . transform in the vector representations
of Gal(d), while lower case Latin indices a, b, . . . transform under the SO(d) subgroup. The
Galilean group preserves the invariant tensors
nA =
(
1 0
)
, hAB =
(
0 0
0 δab
)
, ǫA0...Ad. (2.2)
Here nA is called the internal clock form, h
AB the internal spatial metric, and ǫA0...Ad is the
totally antisymmetric symbol with ǫ01...d = 1. Note that h
AB is degenerate and satisfies
hABnB = 0. (2.3)
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There is another (d+ 2)-dimensional representation of Gal(d) given by
ΛIJ =

 1 0 0−ka Rab 0
−1
2
k2 kcR
c
b 1

 . (2.4)
This representation will prove useful in what follows and we call it the extended representa-
tion. It preserves an extended version of the clock form nI as well as a (d+ 2)-dimensional
internal metric of Lorentzian signature which we shall use to raise and lower extended indices
nI =
(
1 0 0
)
, gIJ =


0 0 1
0 δab 0
1 0 0

 . (2.5)
The defining and extended representations also together preserve a mixed invariant
ΠAI =
(
1 0 0
0 δab 0
)
, ΠAI = Λ
A
BΠ
B
J(Λ
−1)J I (2.6)
that may be used to project from the extended to the vector representation, or pull back
from the covector to the extended representation. For instance
nAΠ
A
I = nI , h
AB = ΠAIΠ
B
Jg
IJ . (2.7)
A Bargmann geometry then consists of an extended-valued coframe eI and a Galilean
spin connection ωAB valued in the Lie algebra of Gal(d)
eI =

nea
a

 , ωAB =
(
0 0
̟a ωab
)
, (2.8)
where ω(ab) = 0. These transform under the Galilean group as
eI → ΛIJeJ , ωAB → ΛAC(ωCD + δCDd)(Λ−1)DB. (2.9)
We could alternatively present the spin connection in the extended representation as
ωIJ =

 0 0 0̟a ωab 0
0 −̟b 0

 . (2.10)
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By virtue of being in the Lie algebra of the Galilean group, the connection satisfies the
identities
nAω
A
B = 0, ω
(A
Ch
B)C = 0,
nIω
I
J = 0, ω
(IJ) = 0, ΠAJω
J
I = ω
A
BΠ
B
I . (2.11)
One can then use the Galilean connection to define a Galilean-covariant exterior derivative
D under which the Galilean invariant tensors considered above are covariantly constant
DnA = 0, Dh
AB = 0, DnI = 0, Dg
IJ = 0, DΠAI = 0. (2.12)
Given this data we may naturally define an extended torsion tensor
T I = DeI , (2.13)
which in components reads

T 0
T a
f

 =


dn
dea + ωab ∧ eb +̟a ∧ n
da−̟a ∧ ea

 , (2.14)
and transforms covariantly T I → ΛIJT J . The curvature is, as usual
RAB = dω
A
B + ω
A
C ∧ ωCB. (2.15)
To conclude this section we collect a few further identities that we will use extensively
in what follows. First, note that the defining and extended representations of the Galilean
connection (2.8) both contain precisely the same data as a totally antisymmetric matrix of
one-forms with lowered indices
ωˆAB =
(
0 −̟b
̟a ωab
)
, (2.16)
and indeed, they can both be written as
ωAB = h
ACωˆCB, ω
I
J = Π
AIΠBJωˆAB. (2.17)
It will often be easier to write equations in terms of ωˆAB rather than ω
A
B or ω
I
J . Under
local Galilean transformations Λ(Θ) = eΘ, it transforms as
ωˆAB → (Λ−1)CA(Λ−1)DBωˆCD − dΘˆAB, (2.18)
where ΘˆAB is the unique antisymmetric matrix such that Θ
A
B = h
ACΘˆCB.
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2.2 The physics of Bargmann geometries
The extended coframe contains the metric data of a Newton-Cartan geometry in its vector
part
eA = ΠAIe
I =
(
n
ea
)
, (2.19)
whose components form a basis for the cotangent space of the Galilean spacetime. We can
then form the Galilean invariant tensor fields
nµ = nAe
A
µ , h
µν = eµAe
ν
Bh
AB, (2.20)
where we have introduced the frame fields eµA satisfying e
µ
Ae
A
ν = δ
µ
ν and e
µ
Be
A
µ = δ
A
B.
These are the clock-form and spatial metric found in standard treatments of Newton-Cartan
geometry [10, 11] and are used to measure elapsed times and spatial distances respectively.
A spacetime derivative operator ∇ is then defined in the usual way from the connection
one-form
Dµe
A
ν ≡ ∇µeAν + ωµABeBν = 0. (2.21)
These satisfy the Newton-Cartan conditions
hµνnν = 0, ∇µnν = ∇λhµν = 0 (2.22)
by virtue of the identities (2.12). The vector component TA of the extended torsion gives
the spacetime torsion, and RAB gives the curvature of the derivative operator ∇.
One of the key features of non-relativistic geometries is that the derivative operator is not
determined entirely by the coframes eA since the equation TA = DeA includes an equation
of pure constraint
nAT
A = nADe
A =⇒ T 0 = dn. (2.23)
The final component of the extended equation T I = DeI fixes the remaining freedom in
the Galilean connection in terms of a and f . Henceforth we will assume that the derivative
operator ∇ is the one corresponding to a specified extended torsion T I .
The 1-form a is the Newtonian gravitational vector potential and it is through the deriva-
tive’s dependence on a that the geometry encodes Newtonian gravity. To see this, consider
the case of a metric flat, torsionless spacetime with n = dt and go to a Galilean frame such
9
that a = −φdt (one may find from (2.4) that such a frame always exists). Then solving the
extended first structure equation (2.13) yields the Christoffel symbols for ∇
Γitt = ∂
iφ, (2.24)
the rest being zero. This guarantees that geodesics feel φ as a Newtonian potential
ξν∇νξµ = 0 =⇒ ξ˙i + ξj∂jξi + ∂iφ = 0, (2.25)
and this is the manner in which a Newton-Cartan geometry encodes Newtonian gravity (see
chapter 12 of [13] for a textbook discussion). The extended component of the torsion f is
zero on physical, torsionless spacetimes, but is necessary to discuss torsionful spacetimes in
a Galilean covariant way. It acts on matter as an external field strength exerting a Lorentz
force on mass current fµνρ
ν (see (4.17)).
Finally, a Bargmann spacetime also admits a natural volume element
ε =
1
(d+ 1)!
ǫA0···Ade
A0 ∧ · · · ∧ eAd, where ǫ01···d = 1. (2.26)
which may be used to define integration over spacetime. There is similarly a “volume ele-
ment” with raised indices
εµ0···µd = ǫA0···Adeµ0A0 · · · .eµdAd, where ǫ01···d = 1. (2.27)
However, εµ0···µd is not εµ0···µd with indices raised by h
µν (which would be zero). In local
coordinate components
ε0···d = |e|, ε0···d = |e|−1, where |e| = det(eAµ ). (2.28)
3 Stress-energy for non-relativistic matter fields
In this section we define the stress-energy tensor for non-relativistic theories and discuss the
difference between the Cauchy stress and the stress defined at fixed connection. As originally
presented in [6], and as we shall recap in section 3.1, the non-relativistic stress-energy tensor
τµI transforms in the extended representation under internal Galilean transformations. This
is due to the fact that in non-relativistic theories, energy and mass are not identified and
are independent quantities. In addition to the stress and energy currents, this object also
contains information on the flow of momentum and mass.
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The other key difference with the relativistic case is the constraint
T 0 = dn. (3.1)
This leads to several complications, as it does not allow us to define a “Cauchy stress-energy”
directly: any variation of the metric data that includes the clock form n by necessity cannot
be done at fixed torsion. There is however an invariant way to isolate the stress, mass,
and momentum parts of the stress-energy tensor, each of which admits improvement to the
physical tensors. However, as we shall see in section 3.1, the full stress-energy cannot be
improved and any attempt to do so results in an unresolvable ambiguity. We will then
demonstrate a way to define the Cauchy stress-mass tensor in section 3.2. In section 3.3 we
discuss why “improving” the energy current is unnecessary, as the energy density defined
at fixed connection already corresponds to the Hamiltonian density (less terms coupling the
system to external potentials).
3.1 The stress-energy tensor
Consider the action for a non-relativistic matter field ψ which is a functional of ψ and the
background Bargmann geometry given by the extended coframes eI and the connection ˆωAB
(see (2.16))
S[ψ; eI , ωˆAB] (3.2)
Following [6], we define the stress-energy tensor τ˜µI and spin-boost current s
µAB by the
variations
δS =
∫
dd+1x
(−τ˜µIδeIµ + sµABδωˆµAB) . (3.3)
where we have assumed that the theory is on-shell so that δS
δψ
= 0.
Expanding this definition in components (2.8)
δS =
∫
dd+1x
(
−ε˜µδnµ + T˜ iaδeai + p˜aδeat + ρ˜µδaµ + sµabδωµab + bµaδ̟µa
)
, (3.4)
where we have denoted the components of τ˜µI and s
µAB as
τ˜µI =
(
ε˜t −p˜a −ρ˜t
ε˜i −T˜ ia −ρ˜i
)
, sµAB =
(
0 −1
2
bµb
1
2
bµa sµab
)
. (3.5)
The object τ˜µI then collects the energy current ε˜
µ, the stress T˜ ia, the momentum p˜
a, and the
mass current ρ˜µ into a single covariant object that transforms in the extended representation
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under internal Galilean transformations. We shall call τ˜µI the stress-energy tensor, though
as we have seen it contains far more information than the name suggests. Similarly the
spin-boost current sµAB collects together the boost current bµa and the spin current sµab.
It is possible to isolate certain components of τ˜µI in a covariant way. For instance, the
stress-mass tensor may be defined as
T˜AB = −τ˜AIΠBI =
(
ρ˜0 p˜b
ρ˜a T˜ ab
)
(3.6)
and contains all of the currents of τ˜µI except the energy current. Similarly, the mass current
can be isolated as
ρ˜A = T˜ABnB = −τ˜AInI =
(
ρ˜0
ρ˜a
)
. (3.7)
However one cannot isolate the energy current ε˜A from any of the other currents in τ˜AI
without additional data since it picks up factors of the stress, momentum, and mass currents
under a local Galilean boost transformation
ε˜0 7→ ε˜0 + kap˜a + 1
2
k2ρ˜0,
ε˜a 7→ ε˜a + T˜ abka + 1
2
k2ρ˜a. (3.8)
This is to be expected on physical grounds since the energy current also includes the kinetic
energy of the system, which depends explicitly on a notion of rest frame.
However, given a family of observers with velocity vµ, normalized so that nµv
µ = 1, one
may discuss the energy current as measured by these observers as follows. Let v˚I denote the
unique null extension of vµ to the extended representation. That is
vµ = ΠµI v˚
I , v˚I v˚
I = 0, =⇒ v˚I =

 1va
−1
2
v2

 (3.9)
Then, the energy current measured by the observer moving with velocity vµ is given by
v
ε˜µ = τ˜µI v˚
I . (3.10)
While compact, this definition may seem somewhat obtuse. To lend some motivation,
we compute the relationship between the energy measured by an observer vµ as defined
above and the energy as measured in the lab frame, that is, the component ε˜0 = τ˜ 00 of the
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stress-energy tensor. For simplicity we will consider the flat, spinless case, and so drop the
tildes
ε0 = vbρ
b − 1
2
ρ0v2 +
v
ε0. (3.11)
In writing this we have also used the upcoming Ward identity (4.8) for local Galilean trans-
formations, which in particular implies pi = ρi. This looks more familiar if we consider the
case of an observer comoving with the mass current. In this case we have ρa = ρ0va and the
above simplifies to
ε0 =
1
2
ρ0v2 +
v
ε0. (3.12)
The lab energy density ε0 then includes both the energy density
v
ε0 as measured by observers
in the rest frame defined by vµ, plus the kinetic energy 1
2
ρ0v2 that the comoving observers
do not measure.
As we will show in (4.7), for spinful matter fields on torsionless spacetimes, the Ward
identity for local Galilean transformations (on torsionless spacetimes) is
T˜ [µν] = −∇λsλµν . (3.13)
For spinful matter, we see that the stress tensor T˜ ij need not be symmetric and the mass
current ρ˜i may not coincide with the momentum p˜i. To get the appropriately symmet-
ric stress-energy we can proceed in analogy to the relativistic case discussed in section 1.
However, on Bargmann spacetimes with torsion there is no natural reference connection
analogous to the Levi-Civita connection in the relativistic case; hence, there is no analog of
the variation section 1.2.
Thus, to get the symmetric (i.e. Cauchy) stress tensor for non-relativistic fields we should
vary the action considering the extended coframe and extended torsion as the independent
geometric variables (the analogue of (1.4)). However, due to the identity (2.13) (in particular
(2.23)), this amounts to doing a constrained variation since the variations must satisfy
nIδT
I = dδn. (3.14)
To carry out this constrained variation of the action we first note that, from (3.14), the
variation of the torsion holding the coframes eI fixed satisfies nI δT
I
∣∣
eI
= 0. Thus, there is
a unique two-form δTˆA satisfying δT
I
∣∣
eI
= ΠAIδTˆA. From δTI = (δf , δTa, dδn) we can get
the explicit expression
δTˆA =
(
δf
δTa
)∣∣∣∣∣
eI
. (3.15)
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Now we would like to vary the coframes at fixed T I . However, fixing the torsion implies
the constraint dδn = 0. Due to the constrained nature of the variation, this cannot fully fix
the stress-energy tensor without additional data. Let us see how this works. We try to write
the variation of the action in the form
δS =
∫
dd+1x|e|
(
−τµI δeIµ
∣∣
T
+ SAµνδTˆAµν
)
. (3.16)
This is what we would like to consider the physical (or Cauchy) stress-energy tensor.
As before, we can isolate the stress-mass components
TAB = −τAIΠBI =
(
ρ0 pb
ρa T ab
)
. (3.17)
As we shall show (see (4.8)), this is symmetric on torsionless spacetimes, so that the stress
tensor T ij is symmetric and the momentum pi and mass currents ρi coincide. Thus, we call
the stress-mass tensor TAB obtained from the variation (3.16) the Cauchy stress-mass tensor.
The ambiguity in τµI that results from the constraint (3.14) can be classified as follows.
Consider an arbitrary antisymmetric tensor Hµν = H [µν] constructed from the field ψ, the
geometric data eI and ωIJ , and their derivatives. Then, to (3.16) we can always add the
following term, which does not affect the variation of the action since we must vary the
torsion keeping the coframes fixed
−
∫
dd+1x|e|HµνnIδT Iµν = −
∫
dd+1x|e|Hµν(dδn)µν
= 2
∫
dd+1x|e|Hµν (∇νδnµ + 12T λνµδnλ) . (3.18)
Integrating by parts and ignoring the boundary term, this becomes
−
∫
dd+1x|e| (2(∇ν − T λλν)Hµν + T µνλHνλ) δnµ. (3.19)
Thus the τµI is ambiguous up to the redefinition
τµI → τµI +
(
2(∇ν − T λλν)Hµν + T µνλHνλ
)
nI . (3.20)
Since the ambiguity is proportional to nI this only affects the energy current components of
τµI
εµ → εµ + 2(∇ν − T λλν)Hµν + T µνλHνλ, (3.21)
while the Cauchy stress-mass tensor T µν is unambiguously defined. One might hope that
conservation laws might resolve this ambiguity, but from (4.22) and the fact that the ambi-
guity is the divergence of an antisymmetric tensor we find it does not.
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Thus, while the physical stress, mass, and momentum are contained within the Cauchy
stress-mass tensor T µν , the physical energy current is the “unimproved” object ε˜µ. It trans-
forms under internal Galilean transformations according to (3.8). Fortunately we will derive
a relationship between the components of T˜AB and TAB and therefore can rewrite (3.8)
purely in terms of physical quantities.
3.2 The Cauchy stress-mass tensor
Let us now consider the stress-mass tensor, whose story is straightforward. The physical
currents are to be defined at fixed torsion, so we will require that the variation of eI does
not involve the clock form, which is fine as we are neglecting energy currents. This in turn
implies that the variation may be written as the pullback of some form δeˆA to the extended
representation
nIδe
I = 0 =⇒ δeI = ΠAIδeˆA. (3.22)
Similarly we also have
nIδT
I = 0 =⇒ δT I = ΠAIδTˆA (3.23)
for some (δTˆA)µν . We then define the Cauchy stress-mass T
µν and spin-boost current SAµν
by the variation
δS =
∫
dd+1x|e|
(
T µA(δeˆA)µ + S
Aµν(δTˆA)µν
)
. (3.24)
To perform the translation between (3.3) and (3.24) we shall need the variation of the
spin connection δωˆµAB in terms of (δeˆA)µ and (δTˆA)µν . We can retrieve this from the first
structure equation T I = DeI , which gives
δT I = DδeI + δωIJ ∧ eJ . (3.25)
Using δeI = ΠAIδeˆA, δT
I = ΠAIδTˆA, and δωIJ = Π
A
IΠ
B
JδωˆAB, this reads
δωˆAB ∧ eB = δTˆA −DδeˆA, (3.26)
which after some algebraic rearrangement gives
δωˆCAB = δωˆ[CA]B + δωˆ[BC]A − δωˆ[AB]C
=
1
2
(
(DδeˆA)BC + (DδeˆB)CA − (DδeˆC)AB
− (δTˆA)BC − (δTˆB)CA + (δTˆC)AB
)
. (3.27)
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Finally, using δeI = ΠAIδeA and the definition T˜
AB = −ΠAI τ˜AI , we find that
δS =
∫
dd+1x|e|
(
T˜ µAδeAµ + s
µABδωˆµAB
)
=
∫
dd+1x|e|
(
T µA(δeˆA)µ + S
Aµν(δTˆA)µν
)
, (3.28)
along with the relations
Sλµν =
1
2
(
sλµν − sµνλ − sνλµ) ,
T µν = T˜ µν − 2(∇λ − T ρρλ)Sνµλ − T µλρSνλρ. (3.29)
In particular, this gives a physical mass current ρµ = T µνnν
ρµ = ρ˜µ − 2(∇λ − T ρρλ)Sνµλnν − T µλρSνλρnν . (3.30)
This is the physical mass current for spinful matter, it is ρµ rather than ρ˜µ that flows in
response to a gravitational perturbation at fixed torsion.
3.3 Energy currents and the Hamiltonian
Let us directly confirm that the component τ˜ t0 of the stress-energy τ˜
µ
I is truly the (kinetic)
energy density of a simple spinful theory, the spinful Schro¨dinger equation, whose action on
the background nµ = (nt, 0), h
µν =
(
0 0
0 δij
)
is
S =
∫
dd+1x
√
hnt
(
1
nt
i
2
ψ†
↔
Dtψ − δ
ij
2m
Diψ
†Djψ
)
,
where Dµψ =
(
∂µ − iqAµ − imaµ − i
2
Jabωab
)
ψ (3.31)
and Jab are the spin representation matrices. One then finds
ε˜t = − δS
δnt
=
δij
2m
Diψ
†Djψ, (3.32)
whereas the Hamiltonian density for this system is
H = δ
ij
2m
Diψ
†Djψ − qAtψ†ψ −matψ†ψ − 1
2
ωtabψ
†Jabψ. (3.33)
We see that ε˜t = τ˜ t0 is the Hamiltonian density minus coupling to external potentials and
so corresponds to the internal kinetic and interaction energy of a system.
While we have motivated this in the specific case of the Schro¨dinger theory, a similar
analysis shows that it is the energy density ε˜t that enters the Hamiltonian H and provides
a generalization of (3.33) for arbitrary theories.
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4 Ward identities
The stress-energy tensor τ˜µI and the spin-boost current s
µAB satisfy certain Ward identities
by virtue of the action begin invariant under diffeomorphisms, local U(1)M transformations,
and local Galilean transformations. These were computed in a manifestly covariant form
in section 5 of [6], following derivations in flat space in [35, 36] and in non-covariant form
on curved space in [21]. In the spinful case, these Ward identities were for the unimproved
currents defined at fixed connection. In this section we present the corresponding identities
for the Cauchy stress-mass tensor T µν and energy current ε˜µ.
In [6], we found that invariance of the action under local U(1)M transformations and
diffeomorphisms gives us the conservation laws
(∇µ − T ννµ)ρ˜µ = 0 (4.1a)
−eIµ(Dν − T λλν)τ˜ νI = Fµνjν +RABµνsνAB − T Iµν τ˜ νI , (4.1b)
where we have also include an external electromagnetic field Fµν coupling to the charge-
current jµ. Raising the index on (4.1b) with hµνand using the identity
eIµ = ΠµI + (aµ − eµ0 )nI (4.2)
we also find for the stress-mass tensor
(∇ν − T λλν)T˜ νµ = F µνjν +RABµνsνAB − T Iµν τ˜ νI . (4.3)
The equation (4.1a) is simply the conservation of mass on torsionful spacetimes, while
(4.1b) is a covariant version of energy conservation and the continuum version of Newton’s
second law (also called the Cauchy momentum equation; see (4.4c)). To make this more
transparent, restrict to spinless matter on flat, torsionless spacetimes in Cartesian coordi-
nates (t, xi), in the presence of a Newtonian gravitational potential φ. In an inertial frame,
we have eI = (dt, dxi, − φdt), and churning through the temporal and spatial components
of (4.1a,4.1b), we find
ρ˙t + ∂iρ
i = 0 (4.4a)
ε˙t + ∂iε
i = Eij
i − ∂iφ ρi, (4.4b)
p˙i + ∂jT
ij = Eijt + ǫijkjjBk − ∂iφ ρt. (4.4c)
where Ei and Bi are the external electric and magnetic fields respectively.
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4.1 Galilean Ward identity
In this section, we consider the Ward identity that follows from the invariance of the action
under local Galilean transformations. This has previously been discussed in a non-coviariant
form in [6,21,37], and we take to opportunity here to finally state the covariant version, from
which we derive the symmetry of the Cauchy stress-mass on torsionless spacetimes. Under
infinitesimal Galilean transformations we have
δeI = ΠAIΘˆABe
B, δωˆAB = −DΘˆAB. (4.5)
where ΘIJ = Π
AIΠBJΘˆAB.
Local Galilean invariance of the action then implies
0 = δS =
∫
dd+1x|e|
(
−τ˜µIΠAIΘˆABeBµ − sµABDµΘˆAB
)
=
∫
dd+1x|e|ΘˆAB
(
T˜AB + (Dµ − T ννµ)sµAB
)
, (4.6)
from which we find the Ward identity
T˜ [µν] = −(∇λ − T ρρλ)sλµν . (4.7)
Thus, for spinful matter, even on torsionless backgrounds that preserve local rotational in-
variance, T˜ µν fails to be symmetric. T˜ ij is then not the Cauchy stress tensor used commonly
in physics and engineering applications [38]. Moreover, the momentum p˜i need not coin-
cide with the mass current ρ˜i in the presence of inhomogeneous spinful matter, violating a
common constraint assumed in non-relativistic physics [39].
Both of these conditions do however hold for the Cauchy stress-mass T µν , which by virtue
of (4.7) and (3.29) satisfies the Ward identity
T [µν] = T [µλρS
ν]λρ, (4.8)
so that on torsionless backgrounds we have T [µν] = 0 . This guarantees pi = ρi, generalizing
the relation T 0i = m
e
ji used by Greiter, Witten, and Wilczek [39] and subsequent authors [40]
to impose Galilean invariance to the case of multi-constituent systems. Note that due to a
manifestly covariant formalism this relationship is guaranteed and we do not need to impose
it as a functional constraint on the effective action as in [39].
4.2 Diffeomorphism and U(1)M Ward identity
We would now like to state the diffeomorphism Ward identity
−eIµ(Dν − T λλν)τ˜ νI = Fµνjν +RABµνsνAB − T Iµν τ˜ νI (4.9)
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in terms of the physical currents as much as possible. There is unfortunately nothing that
can be done about the full equation as it stands since, as we have seen, there is no way
to improve the stress-energy tensor as a whole. We can however do so for the Cauchy-
momentum equation
(∇ν − T λλν)T˜ νµ = F µνjν +RABµνsνAB − T Iµν τ˜ νI (4.10)
that follows from it and the conservation of ρ˜µ.
Using (3.29), we find this reads
(∇ν − T λλν)T νµ = F µνjν + (2Rˆρνλµ −Rµρνλ)sρνλ − T Iµν τ˜ νI , (4.11)
Here RˆABCD is the unique tensor antisymmetric in its first two indices such that R
A
BCD =
hAERˆEBCD given by
RˆAB = dωˆAB + ωˆAC ∧ ωˆCB. (4.12)
We have also used the identity 2R[µν] = 3∇[µT λλν] + T λλρT ρµν to simplify the result.
We now simplify the second term on the right hand side of (4.11) using the symmetry of
the Riemann tensor under exchange of the first and second pairs of indices. This identity is
slightly more subtle than the usual relativistic case since we do not have an invertible metric
tensor. We first note that
nIDT
I = d2n = 0 =⇒ DT I = ΠAIΞˆA (4.13)
for some 2-form ΞˆA whose components read
ΞˆA =
(
df −̟b ∧ Tb, dTa − Tb ∧ ωba + T 0 ∧̟a
)
. (4.14)
While ΞˆA is not covariantly exact, its raised index version is simply
DTA = hABΞˆB, (4.15)
Using this, the identity for the symmetry of the Riemann tensor under exchange of the first
and second pairs of indices is given by
RˆABCD = RˆCDAB +
1
2
(
ΞˆABCD + ΞˆBCAD + ΞˆCADB + ΞˆDABC
)
, (4.16)
where ΞˆABCD = (ΞˆA)µνρe
µ
Be
ν
Ce
ρ
D. The interested reader can find the proof of (4.16) in
Appendix A.
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Using (4.16) we then find that (4.11) simplifies to
(∇ν−T λλν)T νµ = F µνjν + ΞˆAµνλsAνλ − T Iµν τ˜ νI , (4.17)
which is the covariant generalization of the Cauchy momentum equation to unconstrained
Bargmann spacetimes. In particular we see that there are external forces exerted by extended
torsion on spin current and stress-energy, in addition to the usual Lorentz force on jµ. While
it may seem awkward to include the unimproved tensor τ˜µI in (4.17), having converted
everything else to the physical currents, this is something we must simply accept as we have
shown there is no unambiguous way to improve it. We simply observe that the external force
exerted by extended torsion couples to the unimproved stress-energy. It is of course possible,
to decompose τ˜µI into
v
ε˜µ and T˜ µν and then convert to the Cauchy stress-mass tensor T µν ,
but at the cost of introducing a preferred frame v.
Unlike the Cauchy equation (4.17), the work-energy equation cannot be isolated in a
Galilean frame independent manner. The problem is that observed in the discussion following
(3.7): while one can invariantly isolate the stress-mass part of the the stress-energy tensor,
there is no observer independent definition of energy. This is to be expected on physical
grounds since the energy current also includes the kinetic energy of the system, which must
be defined with respect to some notion of rest. However, given a family of observers with
velocity vµ, normalized so that nµv
µ = 1, one may define the energy current as measured by
these observers to be (3.10), which we reproduce here
v
ε˜µ = τ˜µI v˚
I . (4.18)
Now we saw previously in (4.4) that the temporal component of the diffeomorphism Ward
identity contains the work-energy equation. Given a family of observers, we can obtain the
covariant version of this by contracting the Ward identity with some frame vµ. In doing so,
the following identity is useful
eIµv
µ = v˚I + v˚Je
J
µv
µnI . (4.19)
Using this equation and mass conservation, one finds
v˚I(Dµ − T ννµ)τ˜µI = Fµνjµvν +RABµνsµABvν + T Iµνvµτ˜ νI ,
=⇒ (∇µ − T ννµ)
v
ε˜µ = Fµνj
µvν +RABµνs
µABvν + T Iµνv
µτ˜ νI − τµIDµv˚I . (4.20)
To simplify the final term, we note that nIDµv˚
I = v˚IDµv˚
I = 0, so there is a vν orthogonal
tensor tµν such that Dµv˚
I = ΠλItµλ. Contracting this equation with Π
ν
I we find that
tµ
ν = ∇µvν and so
Dµv˚
I =
v
hνλΠ
λI∇µvν (4.21)
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where
v
hµν is the unique v
µ orthogonal symmetric tensor such that hµλ
v
hλν = δ
µ
ν − vµnν .
Plugging this in, one finds the work-energy equation for the comoving energy current is
(∇µ − T ννµ)
v
ε˜µ = Fµνj
µvν +RABµνs
µABvν + T Iµνv
µτ˜ νI − T˜ µν
v
hνλ∇µvλ. (4.22)
5 Examples
Finally, let us turn to a few examples. In this section we collect computations for the stress-
energy, spin current, and Cauchy stress-mass for various non-relativistic field theories. The
principle aim of this discussion will be to derive covariant formulae for these objects and to
demonstrate how to carry out the computation maintaining manifest covariance throughout.
We begin with the spinful Schro¨dinger field in section 5.1. The formulae (5.11) we
derive, in their flat space component form (5.12), should for the most part be familiar, but
also include spin contributions to the Cauchy stress tensor and mass current which to our
knowledge are not present in the literature. In section 5.2 we consider the non-relativistic
Dirac theory which is a Galilean invariant theory for matter charged under both boosts and
spatial rotations and is first order in both time and spatial derivatives. We conclude with
the Wen-Zee term which arises in the effective actions for describing quantum Hall states.
5.1 Spinful Schro¨dinger field
We begin by considering a massive spinful field ψ with dynamics given by the Schro¨dinger
action. To write a Schro¨dinger action for ψ it will be essential that the representation of the
Galilean algebra on ψ be unitrary, which restricts ψ to be invariant under Galilean boosts.7
Thus, we will consider a field ψ in a spin-1
2
representation of rotations for d ≥ 3 or in an
anyonic spin-s representation of rotations for d = 2. Then we have the Galilean generators
JAB =



0 0
0 sǫab

 for d = 2

0 0
0 i
4
[γa, γb]

 for d ≥ 3
(5.1)
7In the standard treatment, one specifies that ψ transforms projectively under boost transformations,
picking up a phase factor ei
1
2
mk2t−imkix
i
. This method of imposing Galilean invariance cannot be used in a
curved spacetime as there do not exist global inertal coordinates. As detailed in section 1.2 of [41] and 2.2
of [22], one may view the phase factor as an attempt to absorb the boost transformation of aµ into a U(1)M
transformation for ψ. As such, the phase factor does not appear in our treatment and a Schro¨dinger field is
trivial under local Galilean boosts.
21
and it can be verified that these satisfy the standard commutation relation of the Galilean
algebra.
If the mass of ψ is m, the U(1)M-covariant derivative of ψ is then
Dµψ =
(
∂µ − iqAµ − imaµ − i
2
ωˆµABJ
AB
)
ψ (5.2)
Here q is the charge of the field ψ and Aµ is a external electromagnetic field. However as
discussed in [6], this derivative is not covariant under local Galilean boosts. The Galilean-
covariant derivative acting on massive fields is given by
DIψ :=
(
e
µ
ADµψ, imψ
)
(5.3)
The Schro¨dinger action for such fields can then be written in a manifestly invariant form
as [6, 7]
S = − 1
2m
∫
dd+1x|e|DIψ†DIψ, (5.4)
which one may check reduces to the standard Schro¨dinger action in flat spacetime after
expanding in components. We are now in a position to perform a covariant calculation of
the various currents defined in this note.
For this we will need the variation of the extended derivative operator acting on ψ. The
non-covariant derivative Dµ simply varies with the mass gauge field δDµψ = −imδaµψ, from
which we find
δ(eµADµψ) = −δeBν eνAeµBDµψ − imδaνeνAψ = −δeIνeνADIψ. (5.5)
Including the variation of the spin connection and electromagnetic gauge field then gives
δDIψ = −ΠµI
(
δeJµDJψ +
i
2
JABψδωµAB + iqψδAµ
)
. (5.6)
Similarly, the variation of the volume element is
δ|e| = |e|eµAδeAµ = |e|ΠµIδeIµ. (5.7)
Using these, a straightforward computation gives the currents (on torsionless back-
grounds)
sµAB = − i
4m
ψ†JAB
↔
D
µψ, (5.8a)
τ˜µI = − 1
2m
(
D
µψ†DIψ +DIψ
†
D
µψ
)
+
1
2m
DJψ
†DJψΠµI , (5.8b)
jµ = − iq
2m
ψ†
↔
D
µψ (5.8c)
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where Dµψ = eµAD
Aψ is given by
D
Aψ = ΠAIDIψ =
(
imψ
Daψ
)
. (5.9)
Before writing the Cauchy currents, we note that the spin current (5.8a) for the Schro¨dinger
field is conserved on-shell i.e. Dµs
µAB = 0 which can be shown as follows. Firstly, from (2.12)
we note that ΠµI is covariantly constant and so using (5.8a) with (5.9) we have
Dµs
µAB = − i
4m
ΠµIDµ
(
ψ†JAB
↔
DIψ
)
= − i
4m
DI
(
ψ†JAB
↔
DIψ
)
= − i
4m
(
ψ†JABDIDIψ
)
+ c.c. = 0
(5.10)
where in the second line we have used the fact that ψ†JAB
↔
DIψ is U(1)M invariant which
implies that ΠµIDµ = D
I . Finally, the last line vanishes by the Schro¨dinger equation (on
torsionless backgrounds) DIDIψ = 0.
The physical Cauchy currents are obtained from (3.29) giving
Sλµν = − i
8m
(
ψ†Jµν
↔
D
λψ − ψ†Jνλ
↔
D
µψ − ψ†Jλµ
↔
D
νψ
)
, (5.11a)
T µν =
1
m
D
(µψ†Dν)ψ − 1
2m
DIψ
†DIψhµν − i
2m
∇λ
(
ψ†Jλ(µ
↔
D
ν)ψ
)
, (5.11b)
ρµ = − i
2
ψ†
↔
D
µψ − 1
2
∇ν
(
ψ†Jµνψ
)
. (5.11c)
where in (5.11b) we have used (5.10) to write the stress-mass tensor in a manifestly symmetric
form as implied by the on-shell Ward identity for local Galilean transformations (4.8).
We also give component expressions of the above equations for a spin-1
2
particle in flat,
3 + 1 dimensional spacetime. Let Si = 1
2
σi be the Pauli spin operators, then the currents
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can be written as
s
µ
j =
(
ψ†Sjψ
− i
2m
ψ†Sj
↔
Diψ
)
, (5.12a)
ε˜µ =
(
1
2m
Diψ
†Diψ
− 1
2m
(
Diψ†Dtψ +Dtψ
†Diψ
)
)
, (5.12b)
T ij =
1
m
D(iψ†Dj)ψ +
(
i
2
ψ†
↔
Dtψ − 1
2m
Diψ
†Diψ
)
δij − i
2m
ǫkl(i∂k
(
ψ†Sl
↔
Dj)ψ
)
, (5.12c)
ρµ =
(
mψ†ψ
− i
2
ψ†
↔
Diψ + 1
2
ǫijk∂j
(
ψ†Skψ
)
)
, (5.12d)
jµ =
(
qψ†ψ
− iq
2m
ψ†
↔
Diψ
)
(5.12e)
Note the energy current is roughly the anticommutator of the energy −iDt and velocity
− i
m
Di and represents kinetic energy being transported with the velocity of the particle.
We have also written the spin current as sµi = −ǫijksjkµ = − i2mψ†Si
↔
Dµψ whose density is
the spin density of standard quantum mechanics and whose current may also be interpreted
along the lines of the energy current as it is half the anticommutator of the spin and velocity.
By virtue of (5.10), this spin current is conserved on-shell
∂µs
µ
i = 0. (5.13)
The mass current ρµ is m times the probability current, plus a magnetization term 1
2
∇×
→
S
that can be interpreted as the mass flow due to the non-uniform spin of matter. Note in
particular that even in the single-constituent case in the presence of spinful matter, the charge
and mass currents need not be aligned since the inhomogenous spin carries momentum.
Finally, the stress tensor is the standard stress tensor for spinless Schro¨dinger fields, plus
a contribution ǫkl(i∂ks
j)
l arising from any non-uniform spin current. Of course, we do not
display the momentum current since it is equal to the mass current on-shell.
5.2 Non-relativistic Dirac field
Next we consider a massive field Ψ that transforms non-trivially under local Galilean boosts
in a 3+1-dimensional spacetime. We note that, since Galilean boosts are non-compact they
do not have finite-dimensional unitary representations and one cannot use the Schro¨dinger
action (5.4).
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We consider the spin-1
2
representation8 originally discovered by Le´vy-Leblond [44]; see
also section 3 of [42].9 This representation involves a 4-component field Ψ in which the action
of the Galilean algebra generators is given by
Jab = −ǫabc
(
1
2
σc 0
0 1
2
σc
)
, Ka =
(
0 0
− i
2
σa 0
)
(5.14)
Thus, Ψ contains two fields ψ and χ that each transform as 2-component spin-1
2
fields under
rotations and transform into each other under Galilean boosts i.e.
Ψ =
(
ψ
χ
)
, Ψ 7→ −kaKaΨ =
(
ψ
χ+ i
2
kaσ
aψ
)
(5.15)
For such a representation with Galilean transformation Ψ→ Λ 1
2
Ψ, one can find a collection
of matrices βI such that
Λ†1
2
βIΛ 1
2
= ΛIJβ
J . (5.16)
It can be verified that there is a matrix A which relates the β-matrices solving (5.16) to
the γ-matrices γI of the Lorentzian Clifford algebra in 4+1-dimensions through a similarity
transformation as
β0 = 1
2
A−1γ0(γ0 + γ4)A, βa = A−1γ0γaA, βM = −A−1γ0(γ0 − γ4)A (5.17)
If we take the Dirac representation for the γI and A =
(
1
2
I − i
2
I
− i
2
I 1
2
I
)
we retrieve the β-
matrices found in equation (10) of [43], given by10
β0 =
(
I 0
0 0
)
, βa =
(
0 σa
σa 0
)
, βM =
(
0 0
0 −2I
)
. (5.18)
The non-relativistic Dirac action for Ψ, on any curved spacetime, is then
S =
∫
d4x|e| i
2
Ψ†βI
↔
DIΨ, (5.19)
Given the relations (5.17) the action (5.19) is the 4+ 1-dimensional relativistic Dirac action
written in terms of the extended representation, and the c→∞ limit of the 3+1-dimensional
8See [42, 43] for higher spin representations.
9To convert [42] to our conventions, take Jab = −ǫabc(Sc)(MNN), Ka = −ηa(MNN).
10Comparing to [43], we have βI = (β0, βa,−β4)(NN).
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relativistic Dirac action (see also [45]).
From the action (5.19) we find the stress-energy and spin current as
τ˜µI =
i
2
Ψ†βµ
↔
DIΨ− i
2
Ψ†βJ
↔
DJΨΠ
µ
I , s
µAB =
1
4
Ψ†MµABΨ, (5.20)
where we have defined MCAB = βCJAB + (JAB)†βC and as usual βC = ΠCIβ
I . Computing
the components of MABC from (5.14) and (5.18), we find that MABC is in fact totally
antisymmetric in its indices.
Further, using the relations in (5.17), the total antisymmetry ofMCAB, and the equation
of motion (on torsionless spacetimes) βIDIΨ = 0 we find
Dµs
µAB = − i
2
Ψ†β [A
↔
D
B]Ψ (5.21)
The physical currents in torsionless backgrounds are
Sλµν = −1
8
Ψ†MλµνΨ, (5.22a)
T µν = − i
2
Ψ†β(µ
↔
D
ν)Ψ, (5.22b)
ρµ =
m
2
Ψ†βµΨ− i
4
Ψ†β0
↔
D
µΨ, (5.22c)
jµ = qΨ†βµΨ. (5.22d)
In simplifying this we have used the equations of motion for Ψ as well as (5.21).
To cast the above currents in a more familiar form, we use the decompositon (5.15) to
exapnd the action (5.19) as
S =
∫
d4x|e|
(
i
2
ψ†
↔
D0ψ +
i
2
ψ†σa
↔
Daχ +
i
2
χ†σa
↔
Daψ + 2mχ
†χ
)
(5.23)
The bottom component χ is auxiliary, satisfying the constraint (on torsionless spacetimes)
χ = − i
2m
σaDaψ. (5.24)
Plugging this in, on torsionless backgrounds and after integration by parts, gives
S =
∫
d4x|e|
(
i
2
ψ†
↔
D0ψ − δ
ab
2m
Daψ
†Dbψ +
q
m
Baψ
†Saψ − R
8m
ψ†ψ
)
(5.25)
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where Ba = 1
2
ǫabcFbc is the magnetic field and S
a = 1
2
σa is the spin operator. (5.25) is the
Schro¨dinger action with a g-factor of 2 for the top spinor ψ. The commutator of derivatives
gives rise to the well-known g-factor coupling of the spin to the magnetic field, and also
induces a non-minimal coupling to the Ricci scalar R.
Using this we write the currents as
s
µ
j =
(
ψ†Sjψ
− i
2m
ψ†σk
↔
Dkψδ
i
j
)
,
ε˜µ =
(
− 1
4m
ψ†DkD
kψ − 1
4m
DkD
kψ†ψ − q
m
Biψ
†Siψ
− 1
4m
Diψ†
↔
Dtψ +
i
2m
ǫijkDjψ
†Sk
↔
Dtψ + c.c.
)
(5.26a)
T ij =
1
2m
D(iψ†Dj)ψ − 1
4m
ψ†D(iDj)ψ − 1
4m
D(iDj)ψ†ψ
+
q
m
B(iψ†Sj)ψ − i
2m
ǫkl(i∂k
(
ψ†Sl
↔
Dj)ψ
)
(5.26b)
ρµ =
(
mψ†ψ
− i
2
ψ†
↔
Diψ + 1
2
ǫijk∂j
(
ψ†Skψ
)
)
, (5.26c)
jµ =
(
qψ†ψ
− iq
2m
ψ†
↔
Diψ + q
m
ǫijk∂j
(
ψ†Skψ
)
)
. (5.26d)
In particular, we have the standard charge and mass currents, plus magnetization currents
arising from the magnetic moments that the g-factor attaches to particles. Note that the
mass magnetization enters as though it had g-factor 1. In comparison to the Schro¨dinger
case (5.12), these currents also have additional terms (modulo the equations of motion) in
the energy current and stress arising from the non-minimal couplings to magnetic field and
curvature found in (5.25).
5.3 Wen-Zee term
We conclude with the Wen-Zee term in 2+1-dimensions, an important example from effective
field theory for gapped systems in the presence of external curvature and electromagnetic
field. The action for the Wen-Zee term is
S =
∫
κ
2π
ω ∧ dA. (5.27)
This term famously encodes the Hall viscosity of quantum Hall systems [46]. Gauge invari-
ance requires that the Wen-Zee coefficient κ be integer valued. It then cannot be changed
by a continuous deformation of the microscopic parameters of a system that does not close
the gap and so characterizes topological phases of matter. Examination of quantum Hall
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effective actions with constraints from non-relativistic symmetries was initiated by Hoyos
and Son in [18]. In this work the authors also impose additional symmetries owing to the
single component nature of the quantum Hall fluid (see [22] for a manifestly covariant way
of implementing these symmetries). In this section we will reproduce known results for the
stress and energy current induced by the Wen-Zee term as a simple example in the use of
the formalism given above (also see [47] for a similar computation). For those interested in
a full general effective action the results can be found in [41]. It would be interesting to
examine, which, if any, of these terms require the introduction of gapless edge modes, along
the lines of [48].
In the original treatment of [46], the spin connection ω appearing in the Wen-Zee term is
the torsionfree connection purely for spatial rotations defined in terms of the spatial coframes.
However to preserve Galilean invariance we use the full spacetime spin connection ωˆAB . In
2 + 1-dimensions we can covariantly extract the spatial part
ω =
1
2
ωˆABǫ
ABCnC (5.28)
which reduces to the one used by [46] when restricted to time-independent curved geometries.
It is this ω that appears in (5.27).
The induced charge current is straightforward to calculate
jµ =
κ
4π
εµνλRνλ (5.29)
where Rµν ≡ R = dω is the curvature 2-form. This in particular gives the well-known result
that the Wen-Zee term attaches charge to Ricci curvature R = 1
2
εµνRµν
j0 =
κR
2π
. (5.30)
The stress-energy vanishes since it is defined at fixed connection
τ˜µI = 0 (5.31)
so that in particular we see that the Wen-Zee term makes no contribution to the physical
energy density or current, as in [47]. The spin current is
sµAB =
κ
8π
εµνλFνλǫ
AB =
κB
4π
uµǫAB, (5.32)
where we have introduced the covariant drift 3-velocity
uA =
1
2B
εABCFBC =
(
1
ǫabEb
B
)
. (5.33)
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Note that, due to the the Bianchi identity dF = 0 =⇒ ∇µ(Buµ) = 0, the spin current is
identically conserved Dµs
µAB = 0.
The Cauchy stress-mass is then
T µν = −2∇λSνµλ
=
κB
2π
ελ(µ∇λuν) − κ
2π
u(µεν)λ∇λB. (5.34)
where we have discarded a term due to the conservation of the spin current yielding a
manifestly symmetric stress-mass tensor.11 The first term is the standard Hall viscosity term,
while the final term gives a mass magnetization current in the presence of inhomogeneities
in the external magnetic field
ρµ = − κ
4π
εµν∇νB. (5.35)
6 Conclusions
Working with a manifestly covariant geometric description, given by Bargmann spacetimes,
we define the physical energy current, stress tensor, and mass current for any Galilean in-
variant physical system with spin. We find that when the stress, mass and momentum are
appropriately defined, the stress tensor is symmetric, and momentum and mass currents co-
incide as a consequence of manifest local Galilean invariance. We also argue that the physical
energy current is naturally defined via variation at fixed connection, not fixed torsion.
While we have worked out some illustrative examples, it would be of interest to use
this formalism to extend the analysis of [6, 37, 49] to spinful fluids, and that of [22] to
spinful electrons. One could also investigate non-relativistic scale anomalies for spinful non-
relativistic fields following [50–54]. Another potentially interesting application would be to
examine the linear response in Son’s Dirac theory of the half-filled Landau-level [55].
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A Symmetries of the Riemann tensor
In the main text, we required the symmetries of the Newton-Cartan Riemann tensor to
derive equation (4.17). These identities involve a few subtleties not present in the pseudo-
Riemannian case, so we collect their derivations here. Since we are interested in the Ward
identities on unrestricted Bargmann geometries, we will present these symmetries on space-
times with general extended torsion T I (the torsionless case can be found in [12]). They are
Rˆ(AB)µν = RˆAB(µν) = 0, (A.1a)
RA[BCD] =
1
3
(DTA)BCD, (A.1b)
RIJKL = RKLIJ +
1
2
((DTI)JKL + (DTJ)KIL + (DTK)ILJ + (DTL)IJK) , (A.1c)
D[µ|RˆAB|νλ] = T
ρ
[µν|RˆAB|λ]ρ. (A.1d)
Where we have defined RˆABCD as the unique object anti-symmetric in it’s first two indices
such that RABCD = h
AERˆEBCD. Equivalently
RˆAB = dωˆAB + ωˆAC ∧ ωˆCB. (A.2)
The derivation of (4.17) requires only the first three of these identities, but we include the
Bianchi identity for completeness. Contracting equation (A.1b) with δBA, we also find
2R[µν] = 3∇[µT λλν] + T λλρT ρµν , (A.3)
which was used in obtaining equation (4.11).
The first identity follows trivially from the definition of RˆAB while the derivations of
(A.1b) and (A.1) from
DTA = RAB ∧ eB, and DRˆAB = 0 (A.4)
are identical to the pseudo-Riemannian case. The only identity that requires some care is
(A.1c), which is most easily stated when valued in the extended representation. By RIJKL
we mean the curvature two-form, valued in the extended representation of gal(d), with
spacetime indices pulled back to the extended representation using the Galilean invariant
projector
RIJKL = (R
I
J)µνΠ
µ
IΠ
ν
J . (A.5)
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One can write (A.1c) in terms of RˆABCD using the three-form ΞˆA introduced in (4.13). Since
all indices in this equation are nI orthogonal, it is simply the pullback of an equation valued
in the covector representation of Gal(d)
RˆABCD = RˆCDAB +
1
2
(
ΞˆABCD + ΞˆBCAD + ΞˆCADB + ΞˆDABC
)
, (A.6)
where we have used RIJ = RˆABΠ
A
IΠ
B
J and DTI = Π
A
IΞˆA. However, the proof of this
identity is most naturally carried out in it’s extended form.
To prove (A.1c) we begin with
DT I = RIJ ∧ eJ , (A.7)
which written in tensor notation reads
(RIJ)[µνe
J
λ] =
1
3
(DTI)µνλ. (A.8)
Now let us pull this back to an equation involving only extended indices using ΠµI . One
may check by an explicit computation in components that
eIµΠ
µ
J = δ
I
J + n
IaJ (A.9)
where aI = (aA,−1) — one can check that aI indeed transforms covariantly as indicated by
its index structure. Since RIJn
J = 0, the second term drops out and we find
RI[JKL] =
1
3
(DTI)JKL. (A.10)
This is simply the extended index version of (A.1b), which one can obtain from here by
noting that both sides are nI orthogonal in all their indices. (A.1c) then follows exactly as
in the pseudo-Riemannian case by repeated applications of this equation along with
R(IJ)KL = RIJ(KL) = 0. (A.11)
References
[1] F. Belinfante, On the current and the density of the electric charge, the energy, the
linear momentum and the angular momentum of arbitrary fields, Physica 7 (1940),
no. 5 449–474.
[2] F. W. Hehl, On the Energy Tensor of Spinning Massive Matter in Classical Field
Theory and General Relativity, Rept. Math. Phys. 9 (1976) 55–82.
31
[3] F. W. Hehl, On energy-momentum and spin/helicity of quark and gluon fields, in
Proceedings, 15th Workshop on High Energy Spin Physics (DSPIN-13): Dubna,
Russia, Oct 8-12, 2013, 2014. arXiv:1402.0261.
[4] H. Shapourian, T. L. Hughes, and S. Ryu, Viscoelastic response of topological
tight-binding models in two and three dimensions, Phys. Rev. B 92 (Oct, 2015) 165131.
[5] G. Festuccia, D. Hansen, J. Hartong, and N. A. Obers, Torsional Newton-Cartan
Geometry from the Noether Procedure, Phys. Rev. D94 (2016), no. 10 105023,
[arXiv:1607.01926].
[6] M. Geracie, K. Prabhu, and M. M. Roberts, Fields and fluids on curved
non-relativistic spacetimes, JHEP 08 (2015) 042, [arXiv:1503.02680].
[7] M. Geracie, K. Prabhu, and M. M. Roberts, Curved non-relativistic spacetimes,
Newtonian gravitation and massive matter, J. Math. Phys. 56 (2015), no. 10 103505,
[arXiv:1503.02682].
[8] J. Luttinger, Theory of Thermal Transport Coefficients, Phys.Rev. 135 (1964)
A1505–A1514.
[9] A. Gromov and A. G. Abanov, Thermal Hall Effect and Geometry with Torsion,
Phys.Rev.Lett. 114 (2015), no. 1 016802, [arXiv:1407.2908].
[10] E. Cartan, Sur les varie´te´s a` connexion affine et la the´orie de la relativite´ ge´ne´ralise´e.
(premie`re partie), Annales Sci.Ecole Norm.Sup. 40 (1923), no. Series 3 325–412.
[11] E. Cartan, Sur les varie´te´s a` connexion affine et la the´orie de la relativite´ ge´ne´ralise´e.
(premie`re partie) (Suite)., Annales Sci.Ecole Norm.Sup. 41 (1924), no. Series 3 1–25.
[12] D. B. Malament, Topics in the foundations of general relativity and Newtonian
gravitation theory. University of Chicago Press, 2012.
[13] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation. W. H. Freeman, San
Francisco, 1973.
[14] D. Son and M. Wingate, General coordinate invariance and conformal invariance in
nonrelativistic physics: Unitary Fermi gas, Annals Phys. 321 (2006) 197–224,
[cond-mat/0509786].
[15] K. Jensen, Aspects of hot Galilean field theory, JHEP 04 (2015) 123,
[arXiv:1411.7024].
32
[16] B. Carter and I. Khalatnikov, Canonically covariant formulation of Landau’s
Newtonian superfluid dynamics, Rev.Math.Phys. 6 (1994) 277–304.
[17] A. Mitra, Weyl rescaled Newton-Cartan geometry and non-relativistic conformal
hydrodynamics, arXiv:1508.03207.
[18] C. Hoyos and D. T. Son, Hall Viscosity and Electromagnetic Response, Phys.Rev.Lett.
108 (2012) 066805, [arXiv:1109.2651].
[19] D. T. Son, Newton-Cartan Geometry and the Quantum Hall Effect, arXiv:1306.0638.
[20] S. Golkar, D. X. Nguyen, and D. T. Son, Spectral Sum Rules and Magneto-Roton as
Emergent Graviton in Fractional Quantum Hall Effect, JHEP 01 (2016) 021,
[arXiv:1309.2638].
[21] M. Geracie, D. T. Son, C. Wu, and S.-F. Wu, Spacetime Symmetries of the Quantum
Hall Effect, Phys.Rev. D91 (2015), no. 4 045030, [arXiv:1407.1252].
[22] M. Geracie, K. Prabhu, and M. M. Roberts, Covariant effective action for a Galilean
invariant quantum Hall system, JHEP 2016 (2016), no. 9 1–25, [arXiv:1603.08934].
[23] M. H. Christensen, J. Hartong, N. A. Obers, and B. Rollier, Torsional Newton-Cartan
Geometry and Lifshitz Holography, Phys. Rev. D89 (2014) 061901,
[arXiv:1311.4794].
[24] M. H. Christensen, J. Hartong, N. A. Obers, and B. Rollier, Boundary Stress-Energy
Tensor and Newton-Cartan Geometry in Lifshitz Holography, JHEP 1401 (2014) 057,
[arXiv:1311.6471].
[25] J. Hartong, E. Kiritsis, and N. A. Obers, Lifshitz space–times for Schro¨dinger
holography, Phys.Lett. B746 (2015) 318–324, [arXiv:1409.1519].
[26] J. Hartong, E. Kiritsis, and N. A. Obers, Schroedinger Invariance from Lifshitz
Isometries in Holography and Field Theory, arXiv:1409.1522.
[27] J. Hartong and N. A. Obers, Horava-Lifshitz Gravity From Dynamical Newton-Cartan
Geometry, arXiv:1504.07461.
[28] E. A. Bergshoeff, J. Hartong, and J. Rosseel, Torsional Newton–Cartan geometry and
the Schro¨dinger algebra, Class.Quant.Grav. 32 (2015), no. 13 135017,
[arXiv:1409.5555].
33
[29] J. Hartong, E. Kiritsis, and N. A. Obers, Field Theory on Newton-Cartan
Backgrounds and Symmetries of the Lifshitz Vacuum, arXiv:1502.00228.
[30] R. Banerjee, A. Mitra, and P. Mukherjee, A new formulation of non-relativistic
diffeomorphism invariance, Phys.Lett. B737 (2014) 369–373, [arXiv:1404.4491].
[31] R. Banerjee, A. Mitra, and P. Mukherjee, Localization of the Galilean symmetry and
dynamical realization of Newton-Cartan geometry, Class.Quant.Grav. 32 (2015), no. 4
045010, [arXiv:1407.3617].
[32] R. Banerjee, A. Mitra, and P. Mukherjee, General algorithm for nonrelativistic
diffeomorphism invariance, Phys.Rev. D91 (2015), no. 8 084021, [arXiv:1501.05468].
[33] R. Banerjee and P. Mukherjee, New approach to nonrelativistic diffeomorphism
invariance and its applications, Phys. Rev. D93 (2016), no. 8 085020,
[arXiv:1509.05622].
[34] T. Brauner, S. Endlich, A. Monin, and R. Penco, General coordinate invariance in
quantum many-body systems, arXiv:1407.7730.
[35] D. T. Son, Toward an AdS/cold atoms correspondence: A Geometric realization of the
Schrodinger symmetry, Phys. Rev. D78 (2008) 046003, [arXiv:0804.3972].
[36] S. Janiszewski and A. Karch, Non-relativistic holography from Horava gravity, JHEP
1302 (2013) 123, [arXiv:1211.0005].
[37] K. Jensen, On the coupling of Galilean-invariant field theories to curved spacetime,
arXiv:1408.6855.
[38] F. Irgens, Continuum mechanics. Springer Science & Business Media, 2008.
[39] M. Greiter, F. Wilczek, and E. Witten, Hydrodynamic Relations in Superconductivity,
Mod.Phys.Lett. B3 (1989) 903.
[40] D. T. Son, Effective Lagrangian and topological interactions in supersolids, Phys. Rev.
Lett. 94 (2005) 175301, [cond-mat/0501658].
[41] M. Geracie, Galilean Geometry in Condensed Matter Systems. PhD thesis, The
University of Chicago, 2016.
34
[42] M. de Montigny, J. Niederle, and A. G. Nikitin, Galilei invariant theories: I.
constructions of indecomposable finite-dimensional representations of the homogeneous
galilei group: directly and via contractions, Journal of Physics A: Mathematical and
General 39 (2006), no. 29 9365.
[43] J. Niederle and A. Nikitin, Galilei invariant theories. II. Wave equations for massive
fields, arXiv:0707.3286.
[44] J.-M. Levy-Leblond, Nonrelativistic particles and wave equations,
Commun.Math.Phys. 6 (1967) 286–311.
[45] J. F. Fuini, A. Karch, and C. F. Uhlemann, Spinor fields in general Newton-Cartan
backgrounds, Phys. Rev. D92 (2015), no. 12 125036, [arXiv:1510.03852].
[46] X. Wen and A. Zee, Shift and spin vector: New topological quantum numbers for the
Hall fluids, Phys.Rev.Lett. 69 (1992) 953–956.
[47] B. Bradlyn and N. Read, Low-energy effective theory in the bulk for transport in a
topological phase, Phys. Rev. B91 (2015), no. 12 125303, [arXiv:1407.2911].
[48] A. Gromov, K. Jensen, and A. G. Abanov, Boundary effective action for quantum Hall
states, Phys. Rev. Lett. 116 (2016), no. 12 126802, [arXiv:1506.07171].
[49] M. Geracie and D. T. Son, Hydrodynamics on the lowest Landau level,
arXiv:1408.6843.
[50] M. Baggio, J. de Boer, and K. Holsheimer, Anomalous Breaking of Anisotropic Scaling
Symmetry in the Quantum Lifshitz Model, JHEP 07 (2012) 099, [arXiv:1112.6416].
[51] K. Jensen, Anomalies for Galilean fields, arXiv:1412.7750.
[52] I. Arav, S. Chapman, and Y. Oz, Lifshitz Scale Anomalies, JHEP 02 (2015) 078,
[arXiv:1410.5831].
[53] I. Arav, S. Chapman, and Y. Oz, Non-Relativistic Scale Anomalies, JHEP 06 (2016)
158, [arXiv:1601.06795].
[54] S. Pal and B. Grinstein, Weyl Consistency Conditions in Non-Relativistic Quantum
Field Theory, arXiv:1605.02748.
[55] D. T. Son, Is the Composite Fermion a Dirac Particle?, Phys. Rev. X5 (2015), no. 3
031027, [arXiv:1502.03446].
35
